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Piezoelectric Constitutive
Equations for a Plate Shape
Sensor/Actuator
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Introduction

SING piezoelectric sensors and actuators for monitoring and

controlling the motion of a flexible structure has been widely
discussed during the past few decades."'? The flexible structures
concerned are laminated plates, and then the piezoelectric sensors
and actuatorsused are of plate shape. Therefore, when one analyzes
and simulates the mechanical and electrical motions of a structure
based on the classical laminate plate theory, the plane form of the
general piezoelectric constitutive equations, i.e., the piezoelectric
constitutive equations of a plate shape sensor or actuator, should be
adopted. In fact, related previousreports have attempted to do so.>~¢
However, in previous reports the plane form piezoelectric constitu-
tive equations are only written in forms. The relationships between
the plane form piezoelectric constitutive equations and the general
piezoelectric constitutive equations have not been shown. These
relationships, according to which the constants in the plane form
equations can be obtained from the manufacturer-given constants
in the general equations, are necessary and important when one
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carries out analysis of laminated piezoelectric plates. In this Note,
from the general piezoelectric constitutive equations and based on
the Kirchhoff hypothesis of the classical laminate plate theory, we
will derive the piezoelectric constitutive equations of a plate shape
sensor or actuator.

Equations
The commonly named piezoelectric constitutive equations, i.e.,
the so-called general piezoelectric constitutive equations in this
Note, can be written as’

D,‘ :e,JSJ +85(E/¢ (la)
’Tl :CES'_e/dEk (lb)

wherei, k=1,2,3and j,/=1,2,3,4,5, 6; D; and E, represent
the electric field and electric displacement, respectively; S; and T;
represent strain and stress, respectively; e;; represents the piezo-
electric stress/charge matrix, ¢;, represents the permitivity matrix
measured at constant strain, and cﬁ represents the elastic stiffness
matrix measured at constant electric field.

Usually, the thicknessdirection of a plate shape sensoror actuator
is designated by direction 3. Its two surfaces that are parallel to the
plate plane are the two electrodes. In classical laminate plate theory,
the Kirchhoff hypothesis is adopted.® That is, 73 can be neglected
relative to 7} and T5; any line perpendicular to the plate midplane
before deformationremains perpendicularto the midplane after de-
formation;then there are no shear strains in any plane perpendicular
to the plate midplane. The result is

T3 :O, S4:S5 =0 (2)

Substituting Eq. (2) into Eq. (1b), we can obtain
T, =cE S +cES,+cESs+cESs—e E —ey Ey —ey Ey - (3a)
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According to Eq. (3¢c), we get
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Substituting Eq. (4) into Egs. (3a), (3b), and (3d) we get
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Substituting Egs. (2) and (4) into Eq. (1a), we can obtain
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Equations (5) and (6) can be written as the following forms that are
the plane form piezoelectric constitutive equations:
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are the corresponding new elastic stiffness matrix, piezoelectric
stress/charge matrix, and permittivity matrix, respectively;i, j =1,
2,6and k, [ =1, 2, 3, and the superscript X denotes the constants
in the new equations.

To date, the piezoelectric materials of a commonly discussed and
used sensor/actuator are polyvinylidene fluoride polymer (PVDF)
or PZT (lead, zirconate, titanate), etc., which are at least orthotropic.
The pole direction of such a sensor/actuator is in its thickness di-
rection. In addition, the electric field in the sensor/actuator can be
treatedas auniformelectricfield. Then among the componentsof the
electricfield and electric displacementthe possible nonzerocompo-
nents are E3 and Ds. For later uses, accordingto Egs. (7) and (8) and
their concrete material constants, we write the piezoelectric consti-
tutive equations for an orthotropic plate shape sensor/actuator:
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Conclusions

We have given the exact formulas of the piezoelectricconstitutive
equations for a plate shape sensor/actuator, which are complements

of the theory of laminated piezoelectric plates. According to our
formulas, the constants in the new equations can be obtained di-
rectly from those in the general piezoelectricconstitutive equations,
whereas the latter are given by the manufacturer or can be directly
calculated from the manufacturer-givenconstants according to the
existing knowledge in piezoelectricity. The other three forms of
the plane form piezoelectric constitutive equations corresponding
to those of the general piezoelectric constitutive equations can be
obtained from our equations through simple algebraic calculations.
Ourresults can be used when one analyzes the motion of a laminated
piezoelectricplate.
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Dispersion of Axisymmetric
Elastic Waves in Thick-Walled
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Introduction

METHOD for studying harmonic wave propagation in thick

orthotropic cylinders of infinite length was presented by
Markus and Mead.! Displacements were modeled by trigonometric
functions and Frobenius power series. Harmonic wave propagation
in shells and rods of infinite length was studied by Maziich.? Rela-
tions for a finite element model were derived for general anisotropy
of a linearly elastic material. The generalized eigenvalue problem
was solved by the Lanczos method with simple orthogonalizationby
Mazich.? Jing and Tzeng* presented an approximate elasticity so-
lution for arbitrarily laminated anisotropic cylindrical closed shells
of finite length with simply supported ends.

In this Note, a modification of the last method is used to obtain
dispersion curves for the axisymmetric problem of arbitrarily lam-
inated, orthotropic, unclosed, cylindrical pipes of infinite length.
The first five dispersion curves are obtained. A convergence study
is performed for a single orthotropic layer with the elastic moduli
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